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1. Introduction 



The recently developed theory of partial actions of discrete 
groups on C*-algebras is extended. A related concept of actions of 
^ ! inverse semigroups on C*-algebras is defined, including covariant 

^ I representations and crossed products. The main result is that 

every partial crossed product is a crossed product by a semigroup 

■ action. 

> 

o 

^ . Recently the notion of a partial crossed product of a C*-algebra by a discrete 

O I group was defined by McClanahan [4] as a generalization of Exel's definition in 

[2]. The more well-established notion of the crossed product of a C*-algebra by 
an action of a group uses a homomorphism into the automorphism group of the 

■ C* -algebra. The idea of a partial action is to replace the automorphism group by 
^ . the inverse semigroup of partial automorphisms. A partial automorphism is an 
^ I isomorphism between two closed ideals of a C*-algebra. Of course we cannot talk 

f ^ I about a homomorphism from a group into an inverse semigroup; a partial action is 

an appropriate generalization. In Section 2 we give a detailed discussion of partial 
^, actions. 

'jjj . After replacing the automorphism group by the semigroup of partial automor- 

', phisms the next natural step is to replace our group by an inverse semigroup. This 

makes it possible to use a more natural semigroup homomorphism instead of a par- 
tial action. We develop the elementary theory of an action of an inverse semigroup 
in Section 4, and we define the crossed product by an inverse semigroup action in 
Section 5. 

It turns out that there is a close connection between partial crossed products 
and crossed products by inverse semigroup actions. In Section 6 we explore this 
connection, showing that every partial crossed product is isomorphic to a crossed 
product by an inverse semigroup action. 
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The majority of the research for this paper was carried out while the author 
was a student at Arizona State University. The results formed the author's masters 
thesis written under the supervision of John Quigg. 

I would like to take the opportunity to thank Professor Quigg for his help and 
guidance during the writing of this thesis. 

2. Partial actions 

In this section we discuss the notion of partial actions defined by McClanahan 
[4] which is a generalization of Exel's definition in [2]. The major new result is 
Theorem 2.6. 

Definition 2.1. Let A be a C*-algebra. A partial automorphism of A is a triple 
(a, /, J) where / and J are closed ideals in A and a : / ^ J is a *-isomorphism. 
We are going to write a instead of (a, I, J) if the domain and range of a are not 
important. 

If (a, I, J) and (/?, K, L) are partial automorphisms of A then the product ajS 
is defined as the composition of a and (3 with the largest possible domain, that is, 
a/3 : A, aP{a) = a{P{a)). It is clear that f3~^{I) is a closed ideal of K. 

Since a closed ideal of a closed ideal of A is also a closed ideal of A, the product 
(q;/3, a/3{/3~^{I))) is a partial automorphism too. 

A semigroup S is an inverse semigroup if for every s & S there exists a unique 
element s* of S so that ss*s = s and s*ss* = s* . The map s ^— s* is an involution. 
An element f & S satisfying = / is called an idempotent of 5", and in this case 
f = f* also. The set of idempotents of an inverse semigroup is a semilattice with 
e A / = ef. Our general reference on semigroups is [3]. It is easy to see that the set 
PAut(^) of partial automorphisms of ^ is a unital inverse semigroup with identity 
(i, A, A), where t is the identity map on A, and (a, /, J)* = {a~^, J, /). 

Definition 2.2. Let ^ be a C*-algebra and G be a discrete group with identity 
e. A partial action of G on ^ is a collection {{as, Dg-i, Ds) : s e G} of partial 
automorphisms (denoted by a or by {A, G, a) ) such that 

(i) D, = A 

(ii) ast extends agCtt, that is, ast\ct^^{Ds~^) = ctsCtt for all s,t G G. 

Proposition 2.3. If a is a partial action of G on A then 

(i) Qfe is the identity map l on A 

(ii) ttg-i = for aU s E G. 

Proof. The statements follow from the following two identities 

astts-i = «ss-i|-Ds = ae\Ds = l\Ds . 



□ 
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Lemma 2.4. If a is a partial action of G on A then at{Df-iDs) = DtDts for all 
s,teG. 

Proof. By Proposition 2.3 (ii), at{Df-iDg) = a~J'i{Dt-iDs) — Q!^_\(Ds) which is 
the domain of ag-icxt-i and hence is contained in the domain D(^g-if-i^-i = Dtg of 
a g- 1^-1. Since the range of at is Dt, we have 

at{Dt-iDg) C DtDts for all s,t e G. 

Since at is an isomorphism, the containment above implies 

Dt-iDs C at\DtDts) - at-i(AAs) for all s,teG. 
Replacing t by and s by ts gives 

DtDts C at{Dt-iDt-its) = at{Dt-iDs) for all s,t e G 

as desired. □ 

Lemma 2.5. If a is a partial action of G on A then at{Dt-iDs^ ■■■Dg^) = 
DtDtsi ■ ■ ■ Dts„ for allt^si, . . . ,Sn e G. 

Proof. The statement follows from the following calculation using Lemma 2.4: 

atiDt-iDs, ■ --DsJ = atiDt-iDs, ■ ■ ■ Dt-iDsJ 

= at{Dt-iDs,) n • • • n at{Dt-iDsJ 
= DtDts, n • • • n DtDts^ 



DtDts,- --Dts^ 



□ 



Theorem 2.6. If a is a partial action of G on A then the partial automorphism 
as,- - ■ as„ has domain D -iD -i -i ■ ■ ■ D -i.. -i and range Ds,Ds,s2 ■ ■ • DsiSr. 

'^71 — 1 1 

for all si, . . . , Sn & G. 



Proof. The theorem is proven inductively. The statement is clear for n = 1. The 
induction step follows from the following calculation using Lemma 2.5: 

domain ag, ■ ■ -cks^ = CiJ^{ domain ag, ■ ■ ■as„_,) 

= «,-i(i^.„IP,-i •••1^,-1 i) 

^ n — 1 77 — 11 

= i:» -1 -1 ■■■D-i -1. 

The other part now follows since the range of CKg^ • • • is the domain of 
a-i • • -a-i. □ 
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Corollary 2.7. The conditions in the deGnition of a partial action can be refor- 
mulated as follows: 

(i) D, = A 

(ii) ' ast\Dt-iDt-is-i = asat. 

Remark 2.8. If a is a partial action of G on ^ then a generates a unital inverse 
subsemigroup S — {ctg^ • • • ctg^ : si, . . . , G G, n G Z} of the semigroup of partial 
automorphisms of A. Theorem 2.6 tells us the domains and ranges. 

3. COVARIANT REPRESENTATION 

We continue our discussion of partial actions. Here the major new results are 
Theorem 3.8 and Corollary 3.10. 

Definition 3.1. Let a be a partial action of G on A. A covariant representation 
of a is a triple (tt, w, H) where tt : A ^ B{H) is a nondegenerate representation of 
A on the Hilbert space H and g ^ Ug : G B{H), where Ug is a partial isometry 
on H with initial space TT{Dg-i)H and final space n{Dg)H, such that 

(i) Ug7r{a)ug-i = 7r{ag{a)) for all a G -Dg-i 

(ii) Usth = UsUth for all h & 7r{Df-iDf-ig-i)H . 

Notice that by the Cohen- Hewitt factorization theorem [1], TT{Dg)H is a closed 
subspace of H and so the notations for the initial and final spaces make sense. 

Proposition 3.2. If (tt, u, H) is a covariant representation then = 1h (th^ 
identity map on H) and Ug-i = u* for all s E G. 

Proof. Since tt is a nondegenerate representation, H is the closed span of 7r{A)H = 
7r{Dg)H. But since 7T{Dg)H is a closed subspace of H we have H = 7r{Dg)H. Hence 
Ue has initial and final space H which means Ug is a unitary on H. By Definition 
3.1 (ii) we have Ue — UeUe which implies 1h = UeU~^ — UeUeU~^ = Ue- 

For the second statement we have to show that {Ugh^k) = {h,Ug-ik) for all 
h,kEH. We can write h = hi + h2 where hi G ^{Dg-i)!!, h2 G {TT{Dg-i)H)^ and 
k = ki + k2 where ki G 7r{Ds)H, k2 G {7r{Ds)H)-^. So it suffices to show that 

{ughi, ki + k2) = {hi + h2,Us-iki). 

Since {ushi,k2) = = {h2,Us-iki) , it suffices to show that 

(ughijki) = (hijUg-iki) for all hi & 7r{Ds-i)H, ki&7r{Ds)H. 

Since hi = Ug-il for some I G 7r{Dg)H it remains to show that 

{ugUg-il, ki) = {ug-il,Us-iki) for all ki,lEn{Ds)H. 

By Definition 3.1 (ii) we have Uf,m = UgUg-im for all m G Ti{Ds)H. Hence 
UgUg-d = I and the statement follows from the fact that Ug-i is a partial isometry 
with initial space 7r{Dg)H. □ 



NANDOR SIEBEN 



5 



Let TTu '■ A ^ B{Hu) be the universal representation of a C*-algebra A on the 
universal Hilbert space H^. If / is an ideal of A then the double dual /** of /, 
identified with the strong operator closure of TTuil), is an ideal of the enveloping 
von Neumann algebra A** of A, which is identified with the strong operator closure 
of 7ru{A). As such, /** has the form pA** for some central projection p in A**. 

Definition 3.3. Let a be a partial action of G on A. For s & G, Ps denotes the 
central projection of A** which is the identity of D**. 

Let (tt, u, H) be a covariant representation of {A, G, a). Since tt is a nondegen- 
erate representation of A, tt can be extended to a normal morphism of A** onto 
7r{A)". We will denote this extension also by tt. 

Lemma 3.4. Let tt be a representation of Aon H, I be a closed ideal of A and p be 
the central projection of A** which is the identity of I**. Then 7r{I)H = 7r{p)H. 

Proof. If a e / and h & H then 7r{a)h = 7r{pa)h = 7r{p)7r{a)h e tt{p)H which 
implies 'k{I)H C n{p)H. 

On the other hand n{p) is in the strong operator closure of 7r(/) and hence n{p) 
is the strong operator limit of a net {n{ax)} in tt{I). Hence ||7r(p)/i — 7r{ax)h\\ — > 
for all h e H. Since t:{I)H is closed, this means 7r{p)h e Tr{I)H for all h e H. □ 

Corollary 3.5. Let tt be a representation of A on H. Then 

7r{Ds^ ■■■DsjH = tt{ps^ ■ ■ -PsjH 

for all si, . . . , Sn & G. 

Proof. It is clear that • • -ps^ is the identity of (Dg^ ■ ■ ■ -Ds„)** in A**, so the 
statement follows from Lemma 3.4. □ 

Corollary 3.6. If (tt, u, H) is a covariant representation then UgU* — n{ps) and 
u*Us = 7r(ps-i) for all s G G. □ 

Proposition 3.7. If (tt, u, H) be a covariant representation then for gi, ■ ■ ■ ,gn £ 

G we have 

%i • •••<!= ^(Pgi ■ ■ -Pgi-gn) 

< ■ --^^gi ■ ■ - ^s™ - ^Pg-^ ■ ■ -Pg-'-g-') 

Proof. The second equality follows from the first one taking conjugates. For n = 1 
the first equality is true by Corollary 3.6. Applying induction we get 

Ugi ■ ■ •••<!= ° ^iP92 ■ ■ ■P92-9J ° <i 

= «9i ° ^{Pg-^Pg2 ■■■Pg2-gJ° < 
= T^i(^giiPg-^Pg2---Pg2-gJ) 
= ^{Pgi---Pgi-gJ, 
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by Lemma 2.5. Notice that we extended ct^^ to get an isomorphism ag^ : -D**i — > 
D** between the double duals. □ 



s 



Theorem 3.8. Let (tt, u, H) be a covariant representation. Then ttg^ • • -Ug^ is a 
partial isometry with initial and final spaces 

<D^-rD^-.^-j_^...D^-.,„^-.)H and ^{D^.D^.s,. ■ ■ D,,...sjH, 
for all si, . . . , Sn & G. 

Proof. It is clear from Proposition 3.7 that ■ • • Ug^ is a partial isometry. The 
statement about the initial and final spaces follows from Corollary 3.5. □ 

Corollary 3.9. If (tt, u, H) is a covariant representation then 

Us,...sr,h = us,---Us^h for all he7r{D^-iD^-i^-i ■■■D^-i,_-i)H 

It lb ^ — \ lb \ 

and 

7r(a)ttsi...s„ = 7r(a)ttsi • • -tts^ for all a e Ds^^Ds^sz ' ' ' Ds^-Sr,- 

Proof. The first statement follows by induction using Definition 3.1 (ii) and the 
fact that 

D -iD -1 -1 -iZ)D-iD-i-i ■■■D-i -1. 
By the first statement we have 

u^-i...,-Ma*) = u^-i ■ • •«,-i7r(a*), 

and the second statement follows from this by taking conjugates. □ 

Corollary 3.10. If (tt, u, if ) is a covariant representation, then 

S = {usi ■ ■ - Us^ : si,. . .,Sn e G} 

is a unital inverse semigroup of partial isometrics of H. 

The situation is more delicate than it may appear at first glance: the following 
example shows that a set of partial isometrics with commuting initial and final 
projections does not necessarily generate an inverse semigroup of partial isometrics. 
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Example 3.11. Let ae (0, ^) and 

sina 0\ /O 

U = I sin a cos a , V = I cos a — sin a 
Oy \0 sina coso: 

be partial isometries on C^. A short calculation shows that U'^,V'^, UV, VU are all 
partial isometries and so all the initial and final projections of U and V commute. 
But 

(0 — sin CK cos^ a sin^ a cos^ a 
cos^ a - sin a cos^ a 


is not a partial isometry because 

— sin a cos^ a sin^ a cos^ a 
WW*W= I cos^a -sinacos^a | ^W. 



This example is a modification of an idea of Marcelo Laca. 



4. Action of an inverse semigroup 

In this section we define an action of a unital inverse semigroup and a covariant 
representation of such an action. The assumption of the identity of the semigroup 
is for technical reasons. In the absence of an identity we can easily add one. There 
is a connection between crossed products by partial actions and crossed products 
by semigroup actions, which we are going to explore in Section 6. 

Definition 4.1. Let A be a C*-algebra and be a unital inverse semigroup with 
identity e. An action of 5" on A is a semigroup homomorphism s i— > {(3s, Eg*, Eg) : 
S PAut(A), with = A. 

Notice that /3s* = l3~^ for all s G 5' so the notations Eg* and Eg make sense. It 
can be shown as in Proposition 2.3 that /3e is the identity map t on A. Also if f E S 
is an idempotent then so is which means /?/ is the identity map on Ef* — Ef. 

Lemma 4.2. If /? is an action of the unital inverse semigroup S on A then 
Pt{Et*Eg) = Etg foralls,teS. 

Proof. The proof follows from the following calculation: 

Pt{Et*Eg) = p~^{Et*Eg) = (3t*^{Eg) = domain l3g*Pt* = domain I3g*t* = Etg. 

□ 
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Example 4.3. We have seen in Remark 2.8 that a partial action a of a group G on 
A generates a unital inverse subsemigroup S = {ctg^ • • • : si, . . . , s„ e G, n e Z} 

of the semigroup PAut(A) of partial automorphisms on A, and hence determines 
an action s i-^ /3s = s of the inverse semigroup S on A. 



There is a much more important inverse semigroup action associated with a, 
which we will define in Section 6 and is based upon the construction used in the 
following proposition. 

Proposition 4.4. Let a be a partial action of a group G on the C* -algebra A, and 

let (tt, -u, H) be a covariant representation of a . Let S = { (a^^ ■ ■ ■ , Ug-^ ■ ■ ■ Ug^ ) : 
91, ■ ■ ■ , Qn G G}. Then S is a unital inverse semigroup with coordinatewise multi- 
plication. For S — {ag-^ ■ ■ ■ Olg^, Ug^ ■ ■ ■ Ug^ )eS let 

Es* =D -iD -1 -1 ■■■D -1 1 

= Dg^Dg^g^ " " " Dg-^...g^ 

/3s = ttffi ■ • • oig^ : Eg* Eg. 



Then (3 is an action of S on A. 

Proof. By Remark 2.8 and Corollary 3.10, 5 is a unital inverse semigroup with 
identity {ae,Ue), where e is the identity of G. It is clear that /3 is a semigroup 
homomorphism with £^(Q;e,Ue) — = A. □ 



Definition 4.5. Let /3 be an action of the unital inverse semigroup 5" on A. 
A covariant representation of is a triple {it,v,H) where n : A ^ B{H) is a 
nondegenerate representation of A on the Hilbert space H and s i— f s is a semigroup 
homomorphism from S into an inverse semigroup of partial isometrics on H such 
that 

(i) Vs'n{a)vs* = 7r(/9s(a)) for all a G Eg* 

(ii) Vg has initial space TT{Eg*)H and final space TT{Eg)H. 



It can be shown similarly as in the group case (Proposition 3.2) that Ve — Ir 
and Vg* — V*. We denote the class of all covariant representations of {A,S,P) by 
CovRep(^,5, P). 



Proposition 4.6. Keeping the notations of Proposition 4.4 define v : S ^ 
B{H) by Vg = Ug^---Ug^, where s = {ag^ ■ ■ ■ ag^,Ug^ ■ ■ ■ UgJ. Then {tx,v,H) G 
CovRep(A, 5, j3). Furthermore if (p, 2;, K) G CovRep(A, 5, (3) then the function 



w : G ^ B{K) dehned by Wg = z{ag,Ug) 
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gives a covariant representation {p,w,K) of {A,G,a). The connections can be 
visualized by the following diagram 

G 

1/ M J, W \< 

B{H) ^ S ^ B{K) 

A 



Proof. It is clear that v is a semigroup homomorphism from S into an in- 
verse semigroup of partial isometries on H. To check Definition 4.5 (i) let 
s = (ttoi ■ ■ ■ cto lUa, ■ ■ - Uo ) E S and a e Eg* = D-iD-1-1 ■ ■ ■ D-i -1. Using 

Definition 3.1 (i) and Lemma 2.5 we have 

Vs'7T{a)v8* = Ad ttgi • • • Ug^ o 7r(a) 

= Ad Ug,---Ug^_,o7roagM 

= O Q!g, • • • Q!g„ (a) 

= 7r(/3,(a)). 

By Theorem 3.8 has the desired initial and final spaces. For the second part of 
the theorem let a e -D^-i = Es*, where s = {ag, Ug). Then 

Wgp{a)wg-i = Zsp{a)zs* = p{Ps{a)) = p{ag{a)), 
and so w satisfies Definition 3.1 (i). To check Definition 3.1 (ii) let gi, g2 ^ G, h & 

P(^g-^^g~^g^^)^ ^ i'^9i92i '^9192) ^ Si = {ag^,UgJ,S2 = {oig^^Ug^) E S. 

By Definition 2.2 (ii) ctgi^a ('^si'^s2)* — ^ 91^92^^91^ 92)* ■ Definition 3.1 (ii) and 
Theorem 3.8 Ug^g.^{ug-^Ug^Y — Ug^Ug^iug^Ug^)* . Hence s(siS2)* = siS2(si'S2)* and 
so ZsZ(^siS2Y = ^siS2^(siS2)*- Since the final space of ^(sisa)* is Pi^g-'^g-^g-')^^ 
it follows that Zgh = Zg-^s^ih- Thus 

"'3192^ = = Zs^S^h = Zs^Zs^h = Wg^Wg^h 

as desired. It is clear that Wg has the required initial and final spaces. □ 

Notice that if in the previous theorem we let 2; = v then the construction gives 
w = u. 



Not every unital inverse semigroup action arises from a partial action via the 
construction of Proposition 4.4, as we can see in the next example. 
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Example 4.7. Let S = {e, /} be the unital inverse semigroup that contains 
the identity e and an idempotent f ^ e. Let A = C and /3s be the identity 

map L of A for all s ^ S. Suppose there is a partial action (A, G, a) and a co- 
variant representation (tt, u, H) of a so that S can be identified with the inverse 
semigroup {(a^, ■ ■ ■ cXg^^Ug^ ■ ■ ■ UgJ : gi,...,gn G G} and (3s = ttg^ ■ ■ ■ for aU 
s = [cig^ • • • ag^^Ug^ ■ ■ - Ug^) G 5. Clcarly e is identified with (i, 1^), where 1h 
is the identity of B{H). Suppose / is identified with (a^j • • ■otgni'^gi " " By 
the definition of 13s, for aX\ gi, . . . , gn G G we have Since / is an 

idempotent • • • Ug^ is an idempotent too. Hence for all /i G we have 

h = 7:{l){h)=7:{(3f{l)){h) 

= {Ug,---Ug^7r{l)Ug^---UgJ{h) 

= Ug,---Ug^{h). 

This means that Ug^ • ■ • Ug^ must be the identity of B{H). But this is a contradiction 
since e and / are different elements of S. 

5. The crossed product 

McClanahan[4] defines the partial crossed product Ax^G oi the C*-algebra A 
and the group G by the partial action a as the enveloping C*-algebra of L = {a; G 
l^(G,A) : x{g) G Dg} with multiplication and involution 

{x*y){g) = ah[ah-i{x{h))y{h~^g)], 

h£G 

x\g) = ag{x{g-y). 

He shows that there is bijective correspondence (tt, u, H) ^ {n x u, H) between 
covariant representations of {A, G, a) and nondegenerate representations of ^ Xq,G, 
where tt x tt is the extension of the representation of L defined by 

X ^ YTi{x{g))ug. 

9€G 

We are going to follow his footsteps constructing the crossed product of a C*-algebra 
and a unital inverse semigroup by an action P . 

Let P be an action of the unital inverse semigroup S on the C*-algebra A. Let 

L = {x el^{S,A) :x{s) EEs} 

have the norm, scalar multiplication and addition inherited from l^(S,A). Define 
multiplication and involution on L by 

{x*y){s)=J2Pr[Pr*ixir))yit)] 

rt=s 

x*is)=Psixis*r). 
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Notice that by Lemma 4.2 {x*y){s) G Eg. A short calculation shows that < 
||a;|| \\y\\ and so x *y & L : 

seS rt=s 

= Y.Y.\\i^r*{x{T))ym 

seS rt=s 

<J2J2\\^r*{x{r))\\\\y{t)\\ 

res tes 

res teS 
— Il^lllbll- 

One can easily check that = and so x* e L. We are going to denote by 
aSg the function in L taking the value a at s and zero at every other element of S. 
Notice that agSs * atSt = Ps{/3s*{as)at)5st and (aSg)* = Ps*{a*)5s*. 

Proposition 5.1. L is a Banach *-algebra. 

Proof. Let x,y, z E L and a G C. Then it is easy to see that {x + y)* — x* + y* 
and (ax)* = ax*. We also have x** = x since 

X**{S) = Ps{x*{sy) = Ps{Ps*{x{s**r)) = X{S). 

Next we show that {x * y)* = y* * x* . It suffices to show this for x = asSg and 
y = atSt. We have 

{agSs *at6t)* = {(3s{Ps*{as)at)6st)* 

= Pt*{a:f3s*{a:))St*s* 

= Pt*il3til3t4al))l3s4<))St*s* 

as desired. 

Finally we show that {x * y) * z — x * {y * z). Again it suffices to show this for 
X = ttrSr, y = agSg and z = atSt. If {^a} is an approximate identity for Eg*, then 
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we have 

{ttrSr * as5s) * atSt = PriPr* {ar)aa)5rs * afSf 

= /3rsiPs*r*{Pr{Pr*{ar)as))at)5rst 

= \im Prs{Ps*{Pr' {a'r)a's)uxat)Srst 
A 

= limPrWr* iO'r)a'sPsiU'Xat))Srst 
A 

= hm/3r(/3r* {ar)f3s{(3s* {as)uxat))6rat 

A 

= PriPr* {a r)Ps{l3s*{as)at))5rst 

= arSr * (agSs * atSt) 
as desired. □ 

Definition 5.2. If (tt, v, H) e CovRep(A, S, (3) then define x v: L ^ B{H) by 

(tt X v){x) = 7r{x{s))vs- 

s€S 

Proposition 5.3. (tt x v) is a *-honioniorphisni onto the C* -algebra 



Proof. First notice that by Definition 4.5, VsVs*TT{as) = 7r(as) = TT{as)vsVs* for all 
as G Es- li s,t G S, a E Eg and b E Et then 

= Vsii{Ps*{a)b)vt 
= Vs7r{Ps*/3s{/3s'-{a)b))vt 
= VsVs*Tv{/3s{Ps*ia)b))vsVt 
= 7r{ps{Ps*{a)b))vst 

and 

{7r{a)vs)* = Vs*7r{a*) = Vs*Vs7r{Ps*{a'*))vs* = 7r(/?s* (a*))^^* , 

which shows that C*{tt,v) is really a C*-algebra. It is clear that tt x f is linear. 
It suffices to verify the multiplicativity of tt x for elements of the form asSs- We 
have 

(tt X v){asSs *at5t) = (tt x v){(3s{(3s*{as)at)Sst) 
= TT{(3s{(3s*{as)at))vst 
= 7r{as)vs7r{at)vt 
= (tt X v){asSs){'JT X v){atSt) 
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as desired. The following calculation shows that tt x v preserves the *-operation: 

(tt X v){asds)* = (7r(as)i's)* 

= TT{/3a*{a*))Vs* 

= (tt X v){Ps*ia*s)Ss') 
= (tt X v)((aA)*). 

It is clear that (tt x v) is onto. □ 

Definition 5.4. Let A be a C*-algebra and P be an action of the unital inverse 
semigroup S on A. Define a seminorm on L by 

||a;||c = sup{||(7r x v){x)\\ : {7t,v) e CovRep{A, S, l3)}. 

Let I — {x E L : \\x\\c = 0}. The crossed product A S of the C*-algebra A and 
the semigroup S by the action (3 is the C*-algebra gotten by the completion of the 
quotient L/I with respect to ||.||c. We denote the quotient map by 

Since is dense in Axp S, it is clear that n x v induces a nondegenerate 

representation of A xp S. We denote this representation also by tt x f. 
The following lemma shows that the ideal / may be nontrivial: 

Lemma 5.5. If s,t E S so that s < t, that is, s = ft for some idempotent f & S 
then $(a5s) = ^{a5t) for all a e Eg. In particular ^{aSg) = $(a5e) if s is an 
idempotent. 

Proof. It is clear that a e E^. If (tt, v) e CovRep(A, S, /5) then 

(tt X v){adft — adt) = Tv{a)vfVt — 7v{a)vt — 0, 

which shows ^{aSg — aSt) = 0. The second statement follows from the fact that 
s — se. □ 

If (n, H) is a representation of A Xfj S and x E L then we are going to write 
n(a;) instead of the more precise Il{^{x)). 

Proposition 5.6. Let (11, H) be a nondegenerate representation of AxpS. Define 
a representation tt of A on H by 

7r(a) = Il{aSe). 

Letv.S^ B{H) defined by 

Vg = s-\imIl{uxSs) 
A 
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where {ux} is an approximate identity for Eg and s-liniA denotes the strong operator 
limit. Then {7r,v,H) e CoyRep{A, S, p). 

Proof. First we show that Vs is well defined. If h E 7:{Es*)H then h = Il{a6e)k for 
some a e Eg* and k E H. So 

\imU{uxSs){h) = limU{uxSs)Il{a5e){k) 

A A 

= \imIl{uxSs * aSe){k) 

A 

= limU{(3s{f3s*{ux)a)ds){k) 

A 

= n{ps{a)ds){k), 

where we used the fact that (3s* {ux) is an approximate identity for Eg*. Note that 
the limit is independent of the choice of {ux} since the expression h = TT{ade)k was. 
On the other hand if {h,7r{Es*)H) = {h,U{Es*Se)H) = then 

limU{uxSs){h) = limn{ps{ps*{^)ps*{^))5s){h) 

A A 

= limU{^/u^6s * ps*{Vux)Se){h) 

A 
A 

But {U{/3s*{^)5e){h),H) - {h,U{/3s*{^)6e)H) = and so limx U{ux6s){h) = 
0. Hence Vg is well defined. It is easy to see that Vs is a bounded linear transfor- 
mation. The following calculation shows that v* = Vg*: 

■u* = s-limn(ttA5s)* 

A 

= s-limn(/3s*(MA)(^s*) = Vs*- 
A 

In order to see that Vg is a partial isometry we need to show that VgVgVg = Vg. It 
suffices to show that v*Vsh = h for h E 'k{Es*)H, since we have seen above that 
{TT{Eg*)H)-^ C ker Vg. Let h = Il(a5e)k where a e Eg* and k E H. Using the fact 
that ^{aSs*g) = $(a5e) we have 

v*gVg{h) = \imU{ux5g*)U{Pg{a)5g){k) 

A 

= \imU{fig.{(3g{ux)(3g{a))5g,g){k) 

A 

= U{a6g*g){k) = U{aSe){k) = h. 

This calculation also shows that Vg has initial space VgVg{H) — Ti{Eg*)H. A similar 
calculation shows that Vg has final space 7r{Es)H. To see that v is a semigroup 
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homomorphism let h = Il{ade)k G 7r{Et*s*)H where a e Et*s* and k e H. Then 

VsVt{h) = VsVt'n{ade){k) 

= VsIl{Pt{a)St){k), by Lemma 4.2 
= limU{uxSs)Il{pt{a)dt){k) 

A 

= \imUipsiPs*iux)Ptia)Sst)ik) 

A 

= U{PsPt{a)6st){k), since (3t{a) e E^* 
= Vst^{a6e){k) = Vst{h). 

On the other hand if {h,'n{Et*s*^e)H) = then Vgtih) = 0. We show VsVt{h) = 
as weU. If is an approximate identity for E^ then 

VsVt{h) = s-limll{ux5s) s-limIl{Wfj,St){h) 
= s-hmn(uA5s * w^5t){h) 
= ^\i-mTl{f3s{f3s*{ux)w^)5st){h). 

By Lemma 4.2 f3s{f^s*{ux)'^n) £ -E'st) and so can be factored as xy with a;, j/ e Egt 
(by the Cohen- Hewitt factorization theorem) . Now we have 

But (n(/?^*,*(y)5e)(/i),iy) = {h,Tl{(5t*s'{y)5e)H) = and so VsVt{h) = 0. 
For the covariance condition, if a & Eg* then 

Vsn{a)vg* = Sr-limIl{u^ds)Il{aSe)Il{Ps*{ux)Ss*) 

A,/i 

= s-limU{ui^Ps{a)uxSss*) 
= n(/3,(a)5e) 

as desired. The nondegeneracy of n follows from that of H, since {uxSe} is an 
approximate identity for A Xp S whenever {ux} is an approximate identity for A. 

□ 

Proposition 5.7. The correspondence (tt, v, H) ^ {nxv, H) is a bijection between 
CovRep(A, 5", P) and the class of nondegenerate representations of A xp S. 

Proof. Let {n,v,H) G CovRep{A, S, (3). Let (n^v) the the covariant representa- 
tion induced hy n x v. Then 

7r(a) = (tt X {;)(a5e) = 7r(a)'i'e = 
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Vs = s-lim(7r x v){uxds) — s-lim7r ('UA)'ys = Vs- 

A A 

The last equality holds because 7t{ux) converges strongly to the identity on 'k{Es)H. 
On the other hand if 11 is a representation of A S', (tt, v) is induced by 11 and 
a e Eg then 

(tt X v){aSs) = 7r{a)vs 

= n(a5e) s-limll (tt^^s) 

A 

= s-limn(a5e * u\ds) 

A 

= s-lim Il{auxSs) 

A 

= UiaSs). 

Thus the correspondence is a bijection. □ 

Proposition 5.8. If (3 is an action of the semilattice S on a C*-algebra A. Then 
A S is isomorphic to A. 

Proof. If (tt, v) is any covariant representation of P then by Lemma 5.5 (tt x f ) ( A x ^ 
S) = Tv{A). In particular if tt is a faithful representation of A on the Hilbert space 
H and Vf is the projection onto 7r{Ef)H for all f E S then (tt, v) is a covariant 
representation of /3 and {t: x v){A x p S) — 7t{A) = A. Every representation of 
A Xp S factors through (tt x v) for if {p x 2;) is a representation of A x^ 5 then 
{p X z) = p o o (tt X v). Thus (tt x v) is faithful and so A x 13 S and A must be 
isomorphic. □ 

The following example shows that unlike in the partial action case the crossed 
product A Xi^ S is not the enveloping C*-algebra of L in general. 

Example 5.9. Let S = {e, /} be the unital inverse semigroup that contains the 
identity e and an idempotent /. Let A = C and (Sg be the identity map of A for 
all s G as in Example 4.7. It is clear that L = 1^{S). Wordingham [5] shows that 
the left regular representation of 1^{S) on P{S) is faithful and so the enveloping 
C*-algebra cannot be the same as Ax 13 S, which is isomorphic to C by Proposition 
5.8. 

The next two results describe two quite different crossed products associated 
with an inverse semigroup itself. 

Proposition 5.10. Let S be a unital inverse semigroup, and let f3s be the identity 
map of C for all s E S. Then (3s is an action of S on C, and C Xp S is isomorphic 
to the C* -algebra of the maximal group homomorphic image of S. 

Proof. For s, t G 5" let s ~ t if and only if there is an idempotent / G 5" so 
that fs — ft. Then ~ is a congruence on S and G = S/ ~ is the maximal group 
homomorphic image of S. Let [s] denote the equivalence class of s G 5'. 
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Let $ : L — > L// be as in Definition 5.4. Define a *-homomorphism 

m-.G^L/I by *([s]) = $((5,). 

is well defined since if s ~ t then there is an idempotent f e S so that fs — ft and 
so by Lemma 5.5 we have ^{5s) = ^{5f)^{5s) = ^{5f)^{5t) = ^{St)- * extends to 
a *-homomorphism \& : C*{G) CxisS. The extension is onto since = ^(Ss) 

has dense span in C x ^ 5". 

Going the other way, define a covariant representation of {C,S,P) in C*{G), 
considered to be represented on a Hilbert space, by 

7t:C^C*{G), 7T{a) = ae 
v:S^C*{G), Vs = [s], 

where G is identified with its canonical image in C*{G). In fact, (tt, f ) satisfies 
the covariant condition Vs7r{a)vs* = a[ss*] = 7r(a) because all the idempotents are 
congruent. 

The covariant representation (tt, v) defines a *-homomorphism 

{ttxv) -.CxpS ^C*{G). 

For [s] E G we have 

(tt X w) o = (tt X v){5s) ^Vs^ [s]. 

So (tt X v) o \& is the identity map on G. Since a representation of G has a unique 
extension to C*{G), (tt x t;) o \1> must be the identity map on C*{G) and hence \1/ 
is an isomorphism between C*{G) and C x^ S". □ 

Proposition 5.11. Let S be a unital inverse semigroup with idempotent semi- 
lattice E. Define a semigroup action (3 of S on C*{E) so that (3 s '-Eg* Eg is 
determined by (3s{Sf) — dgfs* , where Es is the closed span of the set {Sf:f< ss*} 
in C*{E). Then C*{S) is isomorphic to C*{E) xpS. 

Proof. Let $ : L ^ L// be as in Definition 5.4. We are going to identify S with 
its canonical image in C*{S). Define a *-homomorphism 

^ :S^L/I by *(s) = ^{ss*Ss). 

In fact is a *-homomorphism since 

= <^{ss*SsmtrSt) = <^{Mi3s.{ss*)tt'')dst) 
= ^{f3s{s*ss*stt*)Sst) = ^{ss*stt*s*Sst) 
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and 

= ^(s*ss*s5s*) = *(s*). 

\1/ extends to a *-homomorphism \1/ : C*{S) — > C*{E) Xj3 S. The extension is 
onto since if f ^ E with / < ss* then by Lemma 5.5 we have 

= HfSfs) = HfsifsySf,) 

which means the span of ^'(<S') is dense in C*{E) Xfj S. 

We show that is in fact an isomorphism. Let tt : C*{E) C*{S) be the 
canonical inclusion map and define v : S ^ C*{S) by Vg = s. We show that (tt, v) is 
a covariant representation of (C*(E'), 5", /3) if C*{S) is considered to be represented 
on a Hilbert space. It is clear that f is a semigroup homomorphism into an inverse 
semigroup of partial isometrics. The requirements for the initial and final spaces 
are satisfied since VgV* = ss* = 7r(ps). It suffices to verify the covariance condition 
for elements f e Eg* where / < s*s. For such / we have 

as desired. 

The covariant representation (tt, v) gives a *-homomorphism 

{ttxv) ■.C*{E) Xf^S ^C*{S). 

Since for s e 5" we have 

(tt X v) o *(s) = (tt X v){^{ss*6s)) = 7t{ss*)vs = ss*s = s, 

the composition (tt x o is the identity map on S. Since a representation of S 
has a unique extension to C*{S), (tt x f) o \p must be the identity map on C*{S), 
and so ^ is an isomorphism between C* (S) and C* (E) Xjs S. □ 

6. Connection between the crossed products 

Let (A, G, a) be a partial action of the group G on A. Let (H, H) be a faith- 
ful nondegenerate representation of the crossed product A x^t G. McClanahan [4] 
showed that 11 = tt x u for some covariant representation {it,u,H) of {A,G,a). 
Define, as in Proposition 4.4, a unital inverse semigroup 

S = {{agi ■ ■■o^gn,Ug, ■ --UgJ :gi,...,gneG} 

and an action (3 of S so that (3s = (Xg^ • ■ ■ ag^ for s = (a^^ ■ ■ ■ ag^^Ug^ • • • Ug^) G 5". 
We are going to show that the crossed products Ax^G and AXj^ S are canonically 
isomorphic. First we need the following 
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Lemma 6.1. Let (p, z, K) e CovRep(A, 5, (3) and deBne a covariant representation 
{p,w,K) of{A,G,a) bywg = z{ag,Ug) as in Proposition A.6. Then (pX2;)(^x^5') = 
(p X w){A Xa G). 

Proof. By Proposition 5.3, it suffices to show that 

^p{Es)Zs = ^p{Dg)Wg. 

seS g&G 

Let g & G and s = {ag,Ug). If a e Dg = Eg then p{a)wg = p{a)zs and so 
^s€Spi^s)zs 3 J2geGpiD9)'^9- On the other hand if s = {ag^ ■ ■■ag^,Ug^ ■ --UgJ 
and a & Eg = Dg^Dg-^g^ ■ ■ ■ Dg^...g^ then by Corollary 3.9 we have 

p{a)zs = p{a)z{ag^,Ug^) ■ ■ ■ z{ag^,UgJ 

and so p{Es)zs C Y^geG PiDg)wg. □ 

Now we can prove our main result. 

Theorem 6.2. Let a be a partial action of a group G on the C* -algebra A, 
and let (tt, u, H) be a covariant representation of (A, G, a) so that n xu is a faithful 
representation of A x^G. De&ne an inverse semigroup by 

and an action /3 of S by (3s = ctg^ ■ ■ ■ oig^ for s = {ag-^ ■ ■ ■ ag^, Ug^ ■ ■ ■ Ug^). Then the 
crossed products A x^G and A Xfj S are isomorphic. 

Proof. Let Vg = Ug^---Ug^ for s — {ag^ ■ ■ ■ ag^^Ug-^ ■ ■ - Ug^). We know from 
Proposition 4.6 that {T:,v,H)e CovRep(A, ^, Note that C*{tt,u) = C*(7r,w). 
It suffices to show that tt x v is a faithful representation oi Axp S because then 
by Lemma 6.1 {tt x v)~^ o [tt x u) : A x^ G ^ A Xp S is oxv isomorphism. To 
show this consider another representation of A x^ S', which by Proposition 5.7 must 
be in the form px z for some {p,z) G CovRep(A, 5", By Proposition 4.6 the 
definition Wg — z{ag, Ug) gives a covariant representation (p, K) of (A, G, a). By 
Lemma 6.1 C*(p, w) — C*{p, z). Since tt x tt is a faithful representation, there is a 
homomorphism making the following diagram commute: 

AXaG 

\ 

C*(7r,w) C*(p,m;) 
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We are going to show that the diagram 

C*{ir,v) ^ C*{p,z) 

commutes, which is going to prove that ttxv is faithful. Since finite sums of elements 
of the form a6s G L (more precisely the images under $) are dense in A S", it 
suffices to check that 

o (tt X v){ads) = (p X z){ads) 

where s = {ag^ • • • %i • • • ^Sn) and a e Eg = Dg^Dg^g^ ■ ■ ■ Dg^...g^. But this is 
true by the following calculation: 

G((7r X v){a5s)) = e(7r(aK) 

= {pXw)o{TTXu)-^{TT{a)Ug^---Ug^) 

= {pxw)o{7rx u)-\7r{a)ug,...gj 

= (P X f^){(^^9i-9J 

= p{a)wg,...g^ 

= p{a)Wg,---Wg^ 

= P{a)z{ag^ , ) • • • Z{ag^ , Ug^ ) 

= (p X z){a6s), 

where we have appealed to Corollary 3.9 twice more. □ 

Example 6.3. Let A = C^, G = Z, Dq = A, D-i = {(a,0) : a e A}, Di = 
{(0, a) : a e A} and Ai = {(0,0)} for n G G \ {-1,0, 1}. Let ao be the identity 
map tti be the forward shift Q;i(a, 0) = (0, a) and define ct^ = for n ^ 0. Then 
A Xq, G is isomorphic to the matrix algebra M2 [2], [4, Example 2.5]. 

We construct a faithful representation tt x tt of the partial crossed product 
AXaG. Let TT be the representation of A on the Hilbert space = by multi- 
plication operators, that is, 

7r(ai,a2)(/ii,/i2) = (01/11,02/^2) 

for (01,02) G A and (/ii,/i2) G H. Let ui be the forward shift, u-i the backward 
shift on H, and let Un be the constant zero map for all n G G \ { — 1, 0, 1}. 

The unital inverse semigroup S generated by {(q;^,^^) : n G G} contains six 
elements 

S = {ej,s,s*,s*syss*} 
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where e = 1h is the identity of S, the zero element f of S is the constant zero 
map and s = {ai,ui). Let Eg = A, Ef = {(0,0)}, Eg* = Es*s = -D-i and 
Eg = Ess* = Di. Define the semigroup action /3 of 5" as in Proposition 4.4. Then 
Ps is the forward shift, (3s* is the backward shift and Pt is the identity map for 
all other t E S. As we have seen in Theorem 6.2 the crossed product A S is 
isomorphic to the matrix algebra M2. □ 

Notice that in the last example the semigroup S is isomorphic to the inverse 
semigroup generated by (ct^ : n e N} as well as to the inverse semigroup generated 
by {un : n G N}. Based upon experience with group actions, it might seem natural 
to expect that S is isomorphic to the inverse semigroup generated by the range of u 
whenever tt x w is a faithful representation of A G. Perhaps surprisingly this is 
not the case. All three semigroups can be non-isomorphic as the following example 
shows. 

Example 6.4. Let A = C[0, 1], G = Z2, Dq = A, and let ai be the identity 
map on Di = {x E A : x{l) = 0}. Wc construct a faithful representation n x u 
of the partial crossed product A Xot G. Let tt be the representation of A on the 

Hilbert space L^[0, 1] x L^[0, 1] defined by 7r(/) = ^ q y ^ let ito = 

and '^1 = ^ ^ Q ^ • By [^5 Propositions 3.4 and 4.2] tt x w is faithful since Z2 

is amenable. The inverse semigroup generated by {^0,^1} is isomorphic to Z2. 
It is clear that {ao,ai} is a semilattice, hence is definitely not isomorphic to the 
inverse semigroup {uq, ui}. The inverse semigroup generated by {(cto, uo), (^i, ^i)} 
contains three elements {(ckq, uq), (cki, ui), (ai, uq)}. □ 

Although every partial crossed product is isomorphic to a crossed product by 
an action of a unital inverse semigroup, this semigroup action may not be unique 
up to isomorphism. For all we know different faithful representations H = tt x tt of 
the crossed product A x^ G could generate essentially different semigroup actions. 
If we want to talk about a canonical semigroup action associated with Ax^G then 
we can choose 11 to be the universal representation of A Xa G. 
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